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ON STRONGLY S-PROJECTIVE MODULES

OUSSAMA AYMANE ES SAFI, NAJIB MAHDOU, AND UNSAL TEKIR

ABSTRACT. Let R be a commutative ring with identity and S a multi-
plicative subset of R. In this work, we define and study new versions of
the u-S-projective module and the u-S-hereditary ring called strongly
S-projective module and strongly S-hereditary ring respectively. In this
work, a module M is called strongly S-projective if there exists a projec-
tive submodule P of M such that sM C P. Several properties concern-
ing those notions are shown in this study. The exploration of the rela-
tionship between the introduced notions and the wu-S-projectivity, pro-
jectivity, and other classical ones led to important results. For instance,
we showed that any strongly S-projective module is u-S-projective.
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1. INTRODUCTION

This paper assumes all rings are commutative with identity and all mod-
ules are nonzero unital. For completeness, we begin with some defini-
tions and notations used in this paper. For a ring R, we will denote by
U(R), reg(R), Z(R) and idem(T) (T is a subset of R) the set of unit el-
ements, regular elements, zero-divisor elements, and idempotent elements
of T, respectively. Recently, motivated by the work of Anderson and Du-
mitrescu, S-versions of some classical notions have been introduced (see,
for instance, [1], [3], [5], [9], [10], [12], [13], [16]). Some works dealt with
the S-version of projective and injective notions. For instance, in [17] the
authors define u-S-projective ideals using u-S-exact sequences. More pre-
cisely, in this work, an R-module P is called u-S-projective if for every
u-S-short exact sequence 0 — A ENIEN C — 0, the induced sequence
0 — Hom(P, A) g, Hom(P,B) %> Hom(P,C) — 0 is u-S-exact. Inspired
by the definition given the S-finite module, we define the notion of strongly
S-projective as follows: an R-module M is called strongly S-projective if
there exist an element s of S and a projective R-module between sM and
M. We also define a strongly S-hereditary ring as a ring in which every ideal
is strongly S-projective for a multiplicative set S. From these definitions, we
conclude that a projective module is strongly S-projective and a hereditary
ring is strongly S-hereditary for every multiplicative subset S. Many results
concerning these notions are given in this paper. For instance, we present
some classes of rings with equivalence between the projectivity and strongly
S-projectivity. We provide some cases where a strongly S-hereditary ring is
hereditary and others where a hereditary ring is S-Noetherian. Among the
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main results presented in this paper, there is one concerning the principal
ideal domain in which an ideal is strongly S-projective if and only if it’s
projective and also if and only if it is free. We also show that every short

exact sequence 0 — A L B — M — 0 is split. This means the class of
strongly S-projective modules is a subclass of u-S-projective. This result
is of great interest because it is used as a tool to prove that the strongly
S-projectivity is a local property, as well as allowing other demonstrations.

2. RESULTS

Definition 2.1. Let R be a ring and S a multiplicative subset of R. An R-
module M 1is called strongly S-projective if there exists a projective submodule
P of M such that sM C P for some s € S.

From above, we can deduce that every projective module is a strongly
S-projective module. But the converse is not true, as the following example
will demonstrate.

Example 2.2. Let S = {2"|n € N}, a multiplicative set of Z. All Z-modules
are projective if only and if they are free. So Z/2Z is not projective as Z-
module but it is strongly S-projective Z-module.

Definition 2.3. Let R be a ring and S a multiplicative subset of R. R s
called strongly S-hereditary if every ideal of R is strongly S-projective.

Recall from [16, Definition 2.1] that an R-module T is said to be a u-S-
torsion module if there is an element s € S such that sT' = 0.

Remark 2.4. Let S be a multiplicative subset of a ring R and M an R
-module, then:
(a) If M is a u-S-torsion, then M is strongly S-projective.
(b) If S C U(R), then M is strongly S-projective if and only if M is
projective.
(c) If S C U(R), then R is strongly S-hereditary if and only if R is
hereditary.

Let S be a multiplicative subset of a ring R. The saturation of S is the set
S*={xz € R/xy € S for some y € R}. It is clear that S* is a multiplicative
subset of R and that S C S*.

Proposition 2.5. Let R be a ring, S a multiplicative subset of R, and M
an R-module. The following statements hold:

(a) Let S’ be an another multiplicative subset of R. If M is strongly S’ -
projective, then S™IM is strongly S’I(S')—projective as an ST'R-
module.

(b) Let S" be a multiplicative subset of R such that S C S'. If M is
strongly S-projective, then M is strongly S’ -projective.

(c) M is strongly S-projective if and only if M is strongly S*-projective.

(d) If M is strongly S-projective, then S~'M is projective.

Proof. Let R be a ring, S a multiplicative subset of R and M an R-module.
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(a) M is strongly S'-projective if and only if there exist an element
s  of " and a projective sgbmodule P of M such that s M C P.
Then S”l(slM) c Ss-tp. STS’lM C S~'P. Since P is a projective
R-module, S'~'P is a projective S'~!R-module. This means that
S—1M is strongly S~1(S')-projective as an S~ R-module.

(b) Let S" be a multiplicative subset of R such that S C S'. Assume
that M is strongly S-projective. So, there exists an element s of S
and a projective submodule P of M such that sM C P. As S C Sl,
then s € S', which means that M is strongly S -projective.

(c) Assume that M is strongly S*-projective. Then there exist an ele-
ment s of §* and a projective submodule P of M such that sM C P.
As s € §*, there exists t € R such that ts € S. So, tsM CtP C P C
M. Consequently M is strongly S-projective. The converse results
from the second statement.

(d) Let M be an R-module. Then M is strongly S-projective if and only
if there exist an element s of S and a projective submodule P of M
such that sM C P. Then S~*(sM) C S7'P,so 2(S~'M) C S~'P.
As { is a unit in S7IR, then %S‘lM = S7'M. Consequently,
S~!M = S~!'P, which means that S~'M is projective.

O

Corollary 2.6. Let R be a ring and S a multiplicative subset of R. The
following statement holds.

(a) Let S" be another multiplicative subset of R. If R is strongly S -
hereditary, then S™'R is strongly S™'(S')-hereditary.

(b) R is strongly S-hereditary if and only if R is a strongly S*-hereditary
ring.

(c) If R is strongly S-hereditary, then S™'R is hereditary.

Recall from [6], that a ring satisfies DCCy if for every descending chain
I, 21,2132 -2 1, D--- of ideals of R, there exists k € N such that,
for each i > k, x;I; = I;4; for some z; € R.

Theorem 2.7. Let R be a strongly S-hereditary ring, where S a multiplica-
tive subset of R. Then:
(a) If R a ring which satisfies DCCy, then for every ideal I of R, there
exists an element r of R such that rI is projective.
(b) If R is an Artinian ring, then for every ideal I of R, there exists an
element s of S such that sl is projective.

Proof. (a) Let I be an ideal of R. Since R is strongly S-hereditary, I
is strongly S-projective. So there exist an element t; of S and a
projective ideal P; such that ¢ty C P; C I. Also t11 is strongly
S-projective. Thus there exists a projective ideal P, of R and an
element t9 of S such that t5t11 C P, C t1I. Hence, we construct
the following chain t1tof C P, C t11 C P; C I. Using this process
iteratively, we obtain the following chain ---t,I C P,--- C tol C
P, Ct11 C Py C 1. Since R satisfies a DC'Cy, there exists an integer
1 and an element r; of R such that r;t;] = P;. As P; is projective,
so is rit; 1.
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(b) Let I be an ideal of R. Since R is strongly S-hereditary, I is strongly
S-projective. So there exist an element s; of S and a projective ideal
Py such that s1I C P; C I. Also s11 is strongly S-projective. Thus
there exists a projective ideal P, of R and an element sy of S such
that s9s1] C P, C s1I. Hence, we construct the following chain
s150] C Py, C 591 € P, C I. Using this process iteratively, we
obtain the following chain ---s189---8,1 C P, --- C 51801 C Py C
s1I € Py CI. As R is Artinian, this chain is stationary. Thus there
exists an integer ¢ such that t;I = P; (t; = s182 - - - s, ). Consequently,
t;I is projective.

O

Proposition 2.8. Let R be a domain and S a multiplicative subset of R.
Then the following holds:

(a) Ewvery strongly S-projective ideal is S-finite.

(b) If R is strongly S-hereditary, then R is S-Noetherian.

Proof. Tt suffices to use the definitions of strongly S-projective modules and
S-finite ideals. O

Proposition 2.9. Let R be a ring and S a finite multiplicative subset of
R. If R is strongly S-hereditary, then for every ideal I of R, an element s
of S exists such that sI is projective. Moreover, if SN Z(I) =0, then I is
projective.

Proof. Let I be an ideal of R. By the same method used in the proof of
theorem 2.7, we construct the following chain: ---¢t,1 C P, C --- C tol C
P, Ct1I C P, C 1. Since S is finite, two integers ¢ and j exist, such that
t; = t;. Hence, t;I =t;I = P;j. So t;I is projective. If SN Z(I) = (), then
t;I is isomorphic to I. Moreover, t;I is projective, so I is projective. (|

Corollary 2.10. Let R be a ring and S a finite multiplicative subset of R
such that S C Reg(R). Then R is strongly S-hereditary if and only if it is
hereditary.

Proof. Since S C Reg(R), it follows that SN Z(I) = (. We also have S a
finite multiplicative subset, so if R is strongly S-hereditary, then by using
the previous proposition 2.9, every ideal of R is projective, which means
that R is hereditary.

The converse is obvious. O

As a direct result, we have the following.

Corollary 2.11. Let R be a domain and S o finite multiplicative subset of
R. Then R is strongly S-hereditary if and only if it is hereditary.

Proposition 2.12. Let S be a multiplicative subset of a ring R and M a
strongly S-projective R-module. Then the following statements hold:
(a) There exist an element s of S, a family (f;)ics of Hom(M,R) and
a family of elements (x;)icg of M such that for every x € M: sx =
Yiesfi(x)x; where fi(x) = 0 only for a finite number of i € J.
(b) If R is a domain, then every strongly S-projective ideal of R is S-
finite.
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Proof. (a) As M is a strongly S-projective module, there exist an ele-
ment s of S and a projective submodule P of M such that sM C P.
Since P is projective, it follows from [15, Theorem 3.15] that there
exists a family of homomorphism (h;);c; € Hom(P, R) satisfying
the relationship: Va € P, © = 3;cshi(x)x; where h;(z) = 0 for only
a finite number of ¢ € J. For every i € J, we define a homomor-
phism f; € Hom(M, R) by: fi(xz) = hi(sz) for every x in M. Then,
Ve € M, sx = Xcghi(sx)x;. So, Vo € M: st = Sicjfi(x)x;.

(b) Let I be astrongly S-projective ideal R. Then there exist an element

s of S and an projective ideal P such that sI ¢ P C I. As R is

a domain and P is projective, P is finitely generated. This means
that I is S-finite.

O

Corollary 2.13. Let S be a multiplicative subset of a ring R such that
idem(S) = S and M be an R-module. Then the following statements are
equivalent:

(a) M is strongly S-projective.

(b) There exists a family of homomorphisms (f;)ics of Hom(M, R) and

a family of elements (z;);cy of M such that: Yo € M, sx = Yicj fi(x)x;

where fi;(x) =0 only for a finite number of i € J
(¢c) sM is projective.

Proof. (a) = (b): It suffices to apply the above proposition.

(b) = (c): Assume that for every x of M, sz = E;c; fi(z)x;, where fi(z) =0
only for a finite number of i € J. So, s%x = Xc;fi(x)sx;, where f;(x) =0
only for a finite number of i € J. Then sz = Xy fi(x)sz; = Sicy fi(sx)sz,
where f;(z) = 0 only for a finite number of ¢ € J. This means that there
exist a family (g;)ics of Hom(sM,R) and a family (y;)ics elements of sM
such that: Vy € sM, y = X fi(y)yi, where ¢;(y) = 0 (g; is the restriction
of f; to sM and y; = sx;). So by [15, Theorem 3.15] sM is projective.
(¢) = (a) is obvious. O

To explore the relationship between the strongly S-projective and the
projective modules, the following results were obtained:

Proposition 2.14. Let S be a multiplicative subset of R and M a strongly
S-projective. Then, there exists an element s of S such that for any epi-
morphism g from an R-module A to another B and for any homomorphism
f from M to B, there exists a homomorphism h from M to A such that
sf = goh

Proof. Let f be a homomorphism from M to B. Let fp be the restriction
of f to P. Since fp € Hom(P,B) and g is an epimorphism from A to B
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and P is projective, there exists hp € Hom(P, B) such that fp = gohp. Let
hsy be the restriction of hp to sM and h a hommorphism of Hom(M, A)
defined as follows: for any = € M, h(z) = hsp(sxz). We have goh(z) =
gohspyr(sx) = sf(x), which means that sf = goh. O

Corollary 2.15. Let S be a multiplicative subset of a ring R and M a
strongly S-projective module. For any epimorphism g from an R-module A
to another B and for every homomorphism f from M to B satisfying the
relationship f(sx) = f(x) for every element s of S, there exists a homomor-
phism h from M to A such that f = goh.

Proof. Applying the same process used in the proof of Proposition 2.14, we
obtain a homomorphism A such that goh(z) = gohspr(sz) = f(sx) = sf(

x),
which means that goh = sf. O

Proposition 2.16. Let S be a multiplicative of a ring R. If M is a strongly

S-projective R-module, then every short exact sequence 0 — A i) BYL 0 —
0 is u-S-split.

Proof. Using the above mentioned sequence, we have :

0 A B g M 0

Using Proposition 2.14, we obtain a homomorphism A as shown in the fol-
lowing diagram:

0 A B g M 0

the homomorphism h satisfies the relationship sId; = goh.
O

As a result of the above proposition, we deduce the following important
result:

Corollary 2.17. Let R be a ring. Every strongly S-projective R-module is
u-S-projective.

Proof. Let M be strongly S-projective. According to the Proposition 2.16,

any short exact sequence 0 — A i> B — M — 0 is split. So, by [17,
Theorem 2.5], M is u-S-projective. g

Proposition 2.18. Let {R;}icr, {M;}icr and {S;}icr (S:i be a family of ring,
R;-module and multiplicative subset of R;) respectively. Let R = @,;c; M;,
M = @,.;M; and S = @,;Si. Then the R-module M is strongly S-
projective if and only if for each i € I M; is strongly S;-projective.

Proof. Assume that for every i € I; M; is S;-projective. There exist s; € S;
and a projective submodule P; of M; such that s;M; C P;. Thus EBieI siM; C
@ie] P, C @ie] M;, which means (Si)(@ieIMi) - @ieI‘Pi - @ie] M; As
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@,c; P is projective, @, ; M; is strongly S-projective.

Conversely, if M is strongly S-projective, then a projective submodule P
of M exists such that sM C P.So pri(sM) C pr;(P) C pr;(M), where pr; is
the i*" projection. So sM; C pr;(P) C M;. pr;i(P) is a projective submodule
of M;, so M; is strongly S-projective. It remains to prove that pr;(P) is a
projective. Let the following diagram (where P; = pr;(P))

M g N 0
fi

B

by introducing the module P, we obtain the following diagram:

M g N 0
g5 i fi
p—" .p

As P is projective, there exists a homomorphism g} : P — M such that
gog, = fiopri. The homomorphism g} : P, — M is defined by f/(z) = g}(y),
where y is an element of P such that pri(y) = . Then go f/ = f;. Thus P
is projective. O

Remark 2.19. A direct sum of strongly S-projective modules is not neces-
sarily strongly S-projective: Indeed, if R = Z is the ring of integers, p is a
prime in Z and S = {p™|n € N}. Let M,, = Z/{(p"), for each n > 1. Then

o0
M, is strongly projective (because ¥n > 1, p"M, =0 ). Set N = @ M,,.
n=1

According to [17, Example 2.9], N is not u-S-projective. So according to
Corollary 2.17, N is not strongly S-projective.

Proposition 2.20. Let R be a ring and M an R-module. Then the following
statements are equivalent:

(a) M is projective.

(b) M is strongly p-projective for any p € spec(R).

(c) M is strongly m-projective for any m € Maz(R).

Proof. (a) = (b) = (c) is trivial. (¢) = (a): Assume that M is strongly
m-projective for any m € Max(R). Then, M is m-projective for any m €
Maz(R). According to [17, Proposition 2.10], M is projective.

O

The following proposition presents a method to construct a strongly S-
projective module.

Proposition 2.21. Let S be a multiplicative subset of a ring R and P a
projective ideal of R. Then (P : s) is strongly S-projective.
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Proof. Let S be a multiplicative subset of a ring R and P a projective ideal
of R. Then for every s € S we have: s(P :s) C P C (P :s). As P is
projective, (P : s) is strongly S-projective. O

Proposition 2.22. Let R be a principal ideal domain and S a multiplicative
subset of R. Then every strongly S-projective torsion-free R-module is free.

Proof. Let M be a strongly S-projective module over R. Then, there exist
an element s of S and a projective submodule P such that sM C P C M.
As R is a principal ideal domain and P is projective, then P is free. Thus
sM is free. Since M is torsion-free, sM and M are isomorphic, then M is a
free module. O

Proposition 2.23. Let R and T be two rings such that T is a flat R-module
and S a multiplicative subset of R. If M is a strongly S-projective R-module,
then M @ T is a strongly S-projective T-module.

Proof. Since M is a strongly S-projective R-module, there exists an element
s of S and a projective submodule P of M such that sM C P. Since T is a
flat R-module, we have sM QrT C PRQrT C M QrT. Thus M Qg T is
strongly S-projective since P ®r T' is projective. g

Recall from [17] that an R-module M is u-S-semisimple provided that
any u-S-short exact sequence 0 - A — M — C' — 0 is u-S-split.
Recall from [16] that a ring R is u-S-von Neumann regular ring provided
that there exists an element s € S satisfying that for any a € R there exists
r € R such that sa = ra?.

Proposition 2.24. Let S be a multiplicative subset of a ring R such that
every R-module is strongly S-projective. Then the following are equivalent:
(a) R is an u-S-semisimple ring;
(b) Every R-module is u-S-projective.
(¢) R is uniformly S-Noetherian and u-S-von Neumann regular.

Proof. Assume that every R-module is strongly S-projective. So according
to Corollary 2.17 that every R-module is S-projective. Then, using [17,
Theorem 3.5, we deduce the previously mentioned statement. (|

Remark 2.25. In the previous proposition, we can easily prove that R can-
not have a reqular element.
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